Solutions of first call by Ritelli, Daniele




Solve only six between the following problems and theoretical questions. To get the maximum
score you have to deal with both kind of questions.
Only 6 question will be evaluated to build the mark
Exercises






















knowing that y1(x) = 1−3x solves the given differential equation. You may find useful, at some
point, the identity
1− 4x









dx = ln(1 + t)
Hint: Recall that ddt(x
t) = ddt(e
lnxt) · · ·









7. 5 pts Compute the Fourier transform of the function f(t) = e−2pi|t|






8. 6 pts Evaluate (f ? f)(t) when f(t) = e−t2
9. 6 pts Solve the parabolic initial value problem
{
ut = uxx − 4ux
u(x, 0) = x3e2x
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Theoretical questions
11. 4 pts Prove the Triangle inequality
||x+ y|| ≤ ||x||+ ||y||
12. 6 pts Prove Lagrange multipliers theorem
13. 5 pts Prove Quadrature formula for linear differential equations
14. 4 pts Definition of Lebesgue integrable function
15. 6 pts Prove Beppo Levi theorem








17. 6 pts Prove that B(x, y) =
Γ(x)Γ(y)
Γ(x+ y)
18. 5 pts Show that if u(x, t) solves the heat equation then v(x, t) = ux(x, t) solves the heat equation.
19. 5 pts Show that if A and B are two σ-algebras in a given non empty set X then A ∩ B is a
σ-algebra.
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Solution
1. Critical point equations

1− 2mx = 0
2− 8my = 0




















m = ± 1√
2
x = ± 1√
2










































Thus integrating the separable equation we get u(x) =
2
3






































(x− 3)x2 − 3c(3x− 1)
3c+ x (x2 − 3x+ 3)
4. Put f(x, t) =
xt − 1
lnx





And since we are integrating for x ∈ [0, 1] this means that |ft| < 1 allowing the derivation under



















Integrating with respect to t we find∫
xt − 1
lnx
dx = ln(1 + t) + c
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dx = ln(1 + t)










6. Put x5 = u so that∫ 1
0









































8. By definition we have




Thus when f(t) = e−t2 we get









Now completing the square we have






























=⇒ dx = 1√
2
du. Therefore
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9. We have to solve the heat equation {
vt = vxx
v(x, 0) = x3
Once we obtain such a solution, function u(x, t) = e2x−4tv(x, t) solves the given problem.























































so that solution of parabolic problem is







∣∣∣∣ ≤ e−x1 + x ∈ L1([0,∞)) and limn→∞ e−x sin(nx)1 +√nx = 0
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